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Chapter 12

Interf erometr y with Two Telescopes

H. Mel vin Dyck

U.S. Naval Obser vator y
Fla gst aff, Arizona

12.1 Intr oduction

As was discussedby Boden in Chapter 2, faithfully reconstructing complex astronomical
images requires the use of many interferometric baselinesand closure phases. Owing to
phasesmearingin the atmosphere,fewer than three telescopesare not capableof recovering
phaseinformation in a generalway (cf. Chapter 13). However, two telescopes can recover
the amplitude of the complex visibilit y function (Born and Wolf, 1999) and are useful
for investigating a limited range of scienti�c problems. These problems belong to a class
for which the structure is known a priori and only a few global parameters need to be
determined from observations. As we increasethe number of parameters to be extracted
from models �tted to the observed visibilit y amplitude, we also increasethe risk of mis-
interpreting the nature of the source. In this chapter, we concentrate on the more limited
classof sourceswhereoneor two global parameterssu�ce to yield interesting astrophysical
information. We shall also try to stress limitations to the interpretation that may arise
from expected astrophysical violations to the a priori knowledgeof the source.

12.2 Simple Concepts of Aper ture Synthesis

A single-mirror telescope is able to construct accurate imagesbecauseit provides a con-
tinuum of interferometric baselinesranging in size from zero up to the diameter of the
mirror. The resolution of such an instrument, called the point-spread function (Schroeder,
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186 CHAPTER 12. INTERFER OMETRY WITH TW O TELESCOPES

2000), may be determined by di�raction or by aberrations either intrinsic to the mirror
or introduced by an unstable atmosphere. Let's consider this in more detail. In Figure
12.1(a), we show a solid circle meant to represent the edgeof a mirror of arbitrary diameter
D . We refer to this part of Figure 12.1 as the \ap erture plane." Let's suppose that the
mirror is placed on the ground with directions to north and east as shown. If we consider
any two in�nitesimal sub-apertures in the mirror, represented by the small gray dots in
the �gure, then we may envision a single baseline,B , between them. We know from the
theory of interferometry (seeChapter 2) that we may sample an image with a resolution
of approximately �=B (Schroeder, 2000) where � is the wavelength of the observation. In-
spection of the �gure shows us that the we may resolve all angular scales� � �=D for all
possiblepairs of elementary sub-apertures in the mirror. This is the fundamental principle
of aperture synthesis. We have synthesizedthe full aperture D by taking all possiblepairs
of elementary sub-apertures in the mirror. In this casewe are dealing with a �lled aperture
system.
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Figure 12.1: The relationship between baseline in the aperture plane and spatial
frequency in the Fourier plane.

There is another plane of interest in imaging, namely the Fourier plane or (u; v) plane,
shown in Figure 12.1(b). The coordinate compliment to spatial resolution in the aperture
plane (�=B ) is spatial frequency, B =� , in the Fourier plane. Note that a single baseline
in the aperture plane maps into a single point in the Fourier plane. All possiblebaselines
�lling the aperture plane will map into all possiblepoints in the Fourier plane. The �lled
aperture system will completely sample the Fourier plane from zero spatial frequency out
to a maximum spatial frequencyD=� , equal to the radius of the dashedcircle in the �gure.
The Fourier coordinate axes(u; v) correspond to the spatial axesE,N in the aperture plane.
Note that the Fourier representation of the point-spread function is the optical transfer
function while its modulus is the modulation transfer function (Schroeder, 2000).

Now suppose the solid circle in the �gure is composed of a few discrete, separated sub-
apertures of �nite size. This is an example of an un�lled or sparseaperture system. We
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Figure 12.2: All possible baselines for a 2 � 2 telescope array.

Figure 12.3: Synthesizing a 2 � 2 telescope by re-positioning 2 elements.
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Figure 12.4: A simple schematic picture of a two-telescope interferometer, showing
the optical delay lines. With the delay lines balanced, as shown in the �gure , the
position of the fringe occurs at the �lled triangle for the source observed to the right
of the zenith.

may draw baselinesbetweenall possiblepairs. For a snapshotobservation (i.e. in�nitesimal
observation time compared to the rotation of the Earth), there will be a �nite number of
baselinesin the aperture plane, corresponding to a �nite number of spatial frequencies
in the Fourier plane. As an example, we have shown in Figure 12.2 an interferometer
formed from four contiguous square apertures, arranged in a 2 � 2 array. The array is
shown as the solid squaresin the �gure. Also shown as dashedlines are the six possible
baselinesobtainable from the array. The point-spread and modulation-transfer functions
for this array will have only discrete values. Such sparseaperture functions contribute to
the di�cult y of interpretation of complex images. Note also that of the six baselinesshown
in Figure 12.2, two are redundant, giving the sameimageinformation. The redundant pairs
are the horizontal and vertical pairs in the �gure.

We may synthesize the 2 � 2 interferometric array from only a single pair of telescopes,
moving one or both telescopes to achieve all possiblebaselines. This concept is shown in
Figure 12.3 in a sequenceof four di�eren t con�gurations. So, we have illustrated how we
may synthesizea larger aperture from a number of sub-apertures by physically moving the
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sub-apertures. These conceptsapply to the snapshot mode of observation. Of coursethe
actual resolution of any interferometric pair is not the physical separationbetweenthe pairs
but the projected separation of the pair as viewed from the source. This is illustrated in
Figure 12.4, where we show the basic elements of a two-telescope interferometer including
the optical delay lines and the optical correlator (labeled the beam splitter) where the
interferenceoccurs. In this �gure the sourceis supposedto be to the right of the direction
to the zenith. In order to obtain interferenceat the beam splitter the optical delay line for
the telescope on the right would need to be adjusted to add in a path length equal to the
extra distance traveled by the light rays coming to the telescope on the left. As the Earth
rotates, the amount of delay changesfrom a maximum at the horizon to zeroat the zenith.

The spatial resolution on the sourceis the projected distance betweenthe two apertures as
seenfrom the source. Clearly, this resolution will changeas the telescopestrack the source,
ranging from zero when the source is on the horizon to some maximum value (equal to
the physical separation in the �gure) when the sourceis at the zenith. Thus, we may also
synthesizean aperture by allowing the Earth to rotate for a �xed physical con�guration of
the array. This has beenreferred to as Earth rotation aperture synthesis.

12.3 Optical Delay and (u; v) Plane Tracks

For any given array the aperture synthesisprocessinvolvesa combination of physical move-
ment of the telescopes in the array and Earth's rotation. An interferometer with many
telescopes will sweep out much of the (u; v) plane corresponding to all the possiblebase-
lines. A two-telescope interferometer has much sparsercoveragein the (u; v) plane. A nice
discussionof the equationsfor the u and v coordinates for a pair of telescopesis developed
in the paper by Fomalont and Wright (1974), for example. We follow their formalism in
this chapter. In Figure 12.5 we sketch out the coordinate frame for the development. Let
the origin of the coordinate systembe centered on one of the mirrors of the pair. One axis
points north, one points east, and one points to the zenith; these axesare shown as solid
lines and are labeledN, E, and L in the �gure. We may draw a vector B , shown asa dashed
line in the �gure, from onemirror to the other that hascomponents B E , BN , and BL . Let b
= mean latitude of the interferometer (and neglectingcurvature of the Earth), � = declina-
tion of the source,and h = hour angle of the source. The (u; v) coordinates corresponding
to a snapshotprojection of the baseline,in spatial frequencyunits (cycles/arcsec),are

u = ( BE cosh � BN sinb sinh + BL cosb sinh ) =206265�; (12.1)

and

v = ( BE sin � sinh + BN (sin b sin � cosh + cosb cos� )

� BL (cosb sin � cosh � sinb cos� ) ) =206265�:

We have computed the (u; v) plane tracks for a simple two-telescope interferometer situated
at a latitude b = 33� , having baseline components BE = BN = 100 m and operated at



190 CHAPTER 12. INTERFER OMETRY WITH TW O TELESCOPES

� = 2.2 � m. Tracks are shown for sourcesat four di�eren t declinations assuming the
interferometer tracks the sourceover the range of hour angles� 4 � h � +4. Thesetracks
are shown plotted in Figure 12.6 which illustrates how little of the (u; v) plane is �lled
by this simple interferometer. One could laboriously move the telescopes and repeat the
observations but this is not so important for the simple sourceswe will consider in this
chapter. We may also seethe dependenceof the tracks upon sourceposition. Note that
not only doesthe projected separationchangebut also the orientation of the baselinewith
respect to the sourcechangesas the Earth rotates.

To �nish this section we give below the relation for the optical delay (in the sameunits as
the baselinevector components) in terms of telescope and sourceparameters.

� = � BE cos� sinh (12.2)

� BN (sin b cos� cosh � cosbsin � ) (12.3)

+ BL (cosb cos� cosh + sinb sin � ): (12.4)

12.4 Simple Models of Astr oph ysical Sour ces

In this sectionwe apply the principles discussedin the previous sectionbut limit them to a
two-telescope interferometer. A simpli�cation adopted for the models is that the visibilities
are observed along a single, arbitrary , radial cut through the source. For this casewe will
plot visibilit y amplitude V (s) as a function of spatial frequencys.

One may think of several astrophysical systemswhere observations at a few baselinesepa-
rations and azimuths, projected on the source,will serve to characterize the system. Some
of thesesimple systemsand the relevant astrophysical parametersare listed below:

� Binary stars (one may obtain stellar masses)

� Single-starangular diameters(one may obtain linear radii and e�ectiv e temperatures)

� Limb-darkeneddiameters (one may obtain the atmospheric temperature structure)

� Circumstellar shells (one may characterize mass-lossphenomena)

� Departures from circular symmetry in stars (one may detect non-radial pulsation and
rapid rotation).

Of course,it is understood that other piecesof information are neededto derive the param-
eters mentioned above. All of the above systemspresent relatively simple visibilit y curves
that may be adequately sampledby a two-telescope interferometer.
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Figure 12.5: The three-axis coordinate system for a two-telescope interferometer.
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Figure 12.6: (u; v) tracks for a two-telescope interferometer for sources at different
declinations and observed over a range of hour angles 4 hours either side of the
meridian.
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Figure 12.7: Double-star visibility curves. Note how the position and depth of the
minima change with separation and brightness ratio, respectively.

12.4.1 Binary Stars

Let's begin with a binary star system. We suppose that both stars are unresolved and
de�ne B1 = brightnessof source1, B2 = brightnessof source2 and r = separationbetween
sources(measuredin arcsec). The visibilit y amplitude may be shown to be

V(s) =
�
P0 + (1 � P0) cos2(� sr )

� 1=2
; (12.5)

where the parameter P0 is de�ned as

P0 =
�

B1 � B2

B1 + B2

� 2

: (12.6)

In Figure 12.7 we have plotted some examplesof two unresolved points, where we have
varied the spacing and brightness ratio for the two components. One may seethat the
closertogether the stars become,the more cyclesoccur in the visibilit y amplitude function.
Also, when the stars are equally bright, the �rst minimum of the visibilit y amplitude goes
to zero. Note that the �rst minimum becomesshallower as the brightness ratio changes
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from unit y. The properties of the �rst minimum may be usedto determine the separation
and brightness ratio for the stars. If we let Vmin = amplitude of the �rst minimum in the
visibilit y function and smin = spatial frequency corresponding to that �rst minimum then
we �nd that

r =
1

2smin
; (12.7)

and
B1

B2
=

1 + Vmin
1 � Vmin

: (12.8)

Note that the separationobtained in this way will bethe component of the binary separation
in one direction, the direction given by the interferometer baseline. To determine the true
separation, this measurement must be repeated in at least one other direction. Normally,
by observing a binary system for an extended period during the night, one would obtain
snapshot values of V (s) for a variety of projected telescope separations and orientations
with respect to the source. Theseobservations may be used to solve for the binary source
parameters. Obvious possibleproblems with such observations would arise if the source
had additional components or if one or both stars were resolved.

Fruitful binary star investigations have beencarried out at the Mark I I I (Hummel et al.,
1995), IOTA (Dyck et al., 1995),PTI (Boden et al., 1999)and NPOI (Hummel et al., 1998)
among others.

12.4.2 Stellar Angular Diameters

Next we considersingle-starangular diametersand supposethat the stars appearassimple,
circular, uniformly-brigh t disks projected on the sky. If a = diameter of the source (in
arcsec)then the visibilit y function may be shown to be

V (s) =

�
�
�
�
2J1(� as)

� as

�
�
�
� ; (12.9)

where J1(� as) is the �rst-order Besselfunction of the �rst kind. In Figure 12.8 we have
plotted visibilit y functions for sourcesof three di�eren t diameters. Note that successive
secondarymaxima decreasein amplitude with increasingspatial frequency. The frequency
of the �rst zero of the function, s0, scalesinverselywith the angular diameter of the source
such that a ' 1:22=s0. In principle, if we know that the source really is a uniformly-
bright circular disk, the angular diameter may be determined from the measurement of
the visibilit y amplitude at a single spatial frequency. For example, when V (s) � 0:13,
approximately, then we know that the measurement lies at spatial frequenciessmaller than
s0. A single measurement may be usedto obtain the diameter uniquely.

Interferometric investigations of single star diameters have beencarried out by Michelson
and Pease(1921), Di Benedetto and Rabbia (1987), Mozurkewich et al. (1991), Dyck et al.
(1998), van Belle et al. (1999), and Nordgren et al. (1999).
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Obvious di�culties with the interpretation will arise if there are spots on the surfaceor in
the presenceof limb-darkening. Surface structure, in general, will be too complex to be
treated adequatelyby observations with two telescopes. Limb darkeningmay beassumedto
be circularly symmetric and primarily a�ects the part of the visibilit y curve at frequencies
s � s0, whereit depressesthe visibilit y curve below the value derived from uniformly-brigh t
circular disks. At the present time model atmospherecalculations exist that allow one to
estimate more realistic center-to-lim b brightnessvariations than can be obtained from the
assumption of a uniformly bright circular disk. One should consult, for example, recent
work by Claret (1998) for stars hotter than about 4000K and Hofmann and Scholz (1998)
for cooler, more extendedstars. Thesepaperswill lead the readerto other investigations. A
convenient analytic expressionfor the center to limb brightnessvariations wasdeveloped by
Michelsonand Pease(1921) and suggestedby Hestro�er (1997) as a useful approximation
to the models. In image spacethis has the form

I (� )
I (0)

= � � ; (12.10)

where I (� ) = disk brightnessat angle � , � = cos� , and � = an exponent best describing
the model atmosphere. The angle � is the angle between the normal to the stellar surface
and the direction to the observer, at the point observed on the star. Hestro�er (1997) has
obtained an analytic form for the visibilit y from this center to limb brightnessfunction:

V (s) = �( n + 1)
jJn (� as)j
(� as=2)n ; (12.11)

where n = (� + 2)=2.

Direct determination of limb darkening has beencarried out by Hajian et al. (1998).

12.4.3 Circumstellar Shells

Circumstellar shell structures may be detected if they are optically thin, for example, as
superpositions on the underlying star. Supposewe modeled such a system by a coaxial
uniform disk and point source. Here, the uniform disk represents the shell while the point
sourcerepresents the central star. Let a = diameter of the shell and VP = ratio of power
radiated by the star to total power radiated by the system. The visibilit y function for this
combination may be shown to be

V(s) = VP + (1 � VP )
�

2J1(� as)
� as

�
: (12.12)

An exampleof this kind of visibilit y function has beenshown in Figure 12.9.

Observations of circumstellar shellssuperposedon central stars havebeenmadewith the ISI
interferometer. Reports of theseobservations may be found, for example, in Danchi et al.
(1994). One may seeexamplesof composite visibilit y functions such as the one described
above in this paper.
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Figure 12.8: Visibility curves for uniformly-bright circular disks. Note the decreasing
amplitude of successive maxima beyond the �rst null.
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Figure 12.9: The visibility curve for a uniform-disk surrounding a point. The disk size
is 30 mas and there is 50% in each of the two components.
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We �nish this sectionwith a brief mention of departuresfrom circular symmetry. For simple
stars, one may detect this departure by observingat more than one angle projected on the
star. Fitting a uniform disk or limb darkened disk visibilit y function to the observations
will show a di�eren t scalesize in di�eren t directions.

12.5 Cautions and Caveats

The most important limitation imposedupon the choice of model is set by the resolution.
It is stating the obvious that very poor angular resolution may render a sourceunresolved.
As the resolution is improved there will be a regimewhere the sourceis seento be di�eren t
from a point but for which there will be nearly complete uncertainty about its nature. It
is an interesting exerciseto take the model formulations presented in the previous section,
choosevariable sizescalesfor each model and seehow closely the visibilities can be made
to agreeat the very lowest spatial frequencies.

Apart from thesesampling considerations,the choice of model for any set of observations
will depend upon the signal-to-noiseratio of the observations, the con�dence in the level of
systematic errors in the system, the number and orientation of the baselinesusedand the
expected complexity of the sourcebrightnessdistribution.

12.6 Comparisons

There are now enough interferometers operating that we may reasonably ask about the
quality of the measurements. There are two easyways to do this, in the absenceof ground
truth observations. First, one may inter-compare interferometers measuring the sameob-
jects. Second,onemay comparethe measurements of interferometerswith the most current
predictions of models. Neither of thesemethods de�nes the absolute accuracyof interfero-
metric observations.

Let's �rst comparemeasurements of the sameobjects made with di�eren t interferometers.
In Figure 12.10 the fractional di�erence between 2.2 � m measurements made at IOTA
(Dyck et al., 1998)and thosemadeat CERGA (Di Benedettoand Rabbia, 1987)or FLUOR
(Perrin 1996;Perrin et al. 1998a,b) is plotted versusthe IOTA diameter. Here, diameters
obtained from uniform disk �ts to the visibilit y data are used, with no corrections made
for the e�ects of limb darkening. The important points of the �gure are that (1) there is
no large systematic di�erence among the measurements and (2) the scatter is larger for the
smaller diameter stars. Quantitativ ely, the mean systematic di�erence between the IOTA
measurements and the other measurements is (Other IR � IOTA)/IOT A = 0:017� 0:107
(rms). That is, the IOTA uniform disk diameters are lessthan 2% smaller than the other
diameters, with a typical error of about 11% for a single measurement. Most of the error
in the measurements is attributable to the measurement error of the IOTA diameters.
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Figure 12.10: A comparison of 2.2-� m uniform disk diameters measured with IOTA
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In Figure 12.11,the samecomparisonis madebetweenthe NPOI and the Mark I I I for stars
measuredin common at wavelengths near 800 nm. These results have been tabulated by
Nordgren (1999). Here, the comparisonis betweenlimb-darkenedangular diameters, since
the observations at the two interferometerswere made at somewhatdi�eren t wavelengths.
Note again the relative increasein scatter for the smaller diameter stars. The quantitativ e
systematic di�erence is (NPOI � Mark I I I)/NPOI = 0:018 � 0:052. That is, the NPOI
diameters are lessthan 2% larger than the Mark I I I diameters with a typical error of the
diameter of about 5%.

Thus, optical and infrared interferometers working at the sameor nearly the samewave-
lengths are capableof reproducing each others results to levels better than about 2%.

Next, we may compareinterferometric observations to current model predictions. Blackwell
et al. (1990) and Blackwell and Lynas-Gray (1994), using the infrared 
ux method (IRFM),
have computed and tabulated diameters for stars in the temperature range 4000{8500K.
Bell and Gustafsson(1989)havealsotabulated diameters,but that arenot basedprincipally
upon infrared observations. The largest overlap betweenobserved and computed diameters
exists for the near infrared, so we have used the 2.2-� m observations made at IOTA by
Dyck et al. (1998), at CERGA by Di Benedetto and Rabbia (1987) and at PTI by van Belle
et al. (1999). Thesecomparisonsare shown plotted in Figure 12.12,where IRFM refers to
the diameters from Blackwell and collaborators and BG refers to the diameters from Bell
and Gustafsson. In this �gure, the comparisonis madebetweenthe fractional di�erence in
diameter and the intrinsic V� K color of the star. One may seethat the generallevel of the
di�erence is lessthan about 20% with the exception of 41 Cyg, the very discrepant point
in the upper left part of the �gure. Excluding this star, the comparisonsare (Observed �
IRFM)/IRFM = � 0:019� 0:061 and (Observed � BG)/BG = � 0:009� 0:071. That is, the
observations and the models agreeto the level 1{2%. If the 41 Cyg diameter is left in the
plot, there is a suggestionthat there may be a di�erence between theory and observation
that dependsupon color. This will have to be veri�ed with additional observations.

A �nal assessment of the capability of interferometers may be obtained from double star
observations. In Figure 12.13there is a plot of the orbital position of the secondaryabout
the primary for Mizar A, taken from Hummel et al. (1998). Data are shown from both the
Mark I I I and the NPOI at optical wavelengths. The best �t orbit yields an (observed �
computed)r ms ' 60 � as!
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